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07 INDECOMPOSABLE LINEAR GROUPS
V.A. Bovdi, V.P. Rudko
Dedicated to the memory of Professor A.V. Roiter
Abstract. Let G be a noncyclic group of order 4, and let K = Z, Z(2) and Z2
be the ring of rational integers, the localization of Z at the prime 2 and the ring of
2-adic integers, respectively. We describe, up to conjugacy, all of the indecomposable
subgroups in the group GL(m,K) which are isomorphic to G.
The first explicit description of the Z-representations of the noncyclic group G of
order 4 was obtained by L. Nazarova [4,5]. This description was significantly simpli-
fied and clarified after the discovery of the connection between the Z-representations
of the group G and the representations of a certain graph with five vertices defined
on linear spaces over the field of two elements [2].
Let K = Z, Z(2), or Z2 be the ring of rational integers, the localization of Z at
the prime 2 and the ring of 2-adic integers, respectively. Let G = 〈a, b〉 ∼= C2 × C2
be a noncyclic group of order 4.
Let Mn (n > 1) be the set of all polynomials f(x) of degree n over the field of
two elements F2 which satisfy one of the following conditions:
• f(x) is irreducible over F2;
• f(x) is a power of a nonlinear irreducible polynomial over F2.
Define an action of the group
Aut(G) = 〈σ1, σ2 |σ1(a) = b, σ1(b) = a,
σ2(a) = a, σ2(b) = ab, a, b ∈ G〉 ∼= S3
on the set Mn by f
σ1(x) = xnf(x−1), fσ2(x) = f(x + 1), where f(x) ∈ Mn
and n = deg(f(x)).
By M′n we denote the set of the orbits of the set Mn under the action of the
group Aut(G). Let
e1 =
1
4
(1 + a)(1 + b); e2 =
1
4
(1− a)(1− b);
e3 =
1
4 (1 + a)(1− b); e4 =
1
4 (1− a)(1 + b),
(1)
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be the four primitive idempotents of the group algebra FG over a filed F containing
K. The corresponding irreducible K-representations of these idempotents have the
following form:
χ1 : a 7→ 1, b 7→ 1; χ2 : a 7→ −1, b 7→ −1;
χ3 : a 7→ 1, b 7→ −1; χ4 : a 7→ −1, b 7→ 1.
(2)
The representations χi (i = 1, . . . , 4) are realized in the KG-module KGei = Kei
of the group algebra FG.
Consider the following K-representations Γ of the group G = 〈a, b〉 = C2 × C2
which were introduced in [3]. In the following we shell refer to them as (L):
∆n : a 7→

En 0 0 En 0
1 0 0 0
−En 0 En
−En 0
En
 , b 7→

1 0 0 0 0
En 0 0 En
−En En 0
En 0
−En
 ;
W0 : a 7→
( 1 1 0 1
−1 0 0
1 0
−1
)
, b 7→
( 1 1 1 0
−1 0 0
−1 0
1
)
;
Wn : a 7→

D 0 0 0 0
En 0 0 ( 0 En )
−En ( 0 En ) 0
En+1 0
−En+1
 , b 7→

D 0 0 S 0
En 0 (En 0 ) 0
−En 0 (En 0 )
−En+1 0
En+1
 ;
Tn : a 7→
(En+1 0 En+1 0
−En 0 En
−En+1 0
En
)
, b 7→

1 0 0 0
En 0 0 En
−En (En 0 ) 0
En+1 0
−En
 ;
∆n,1 : a 7→
En 0 (En 0 ) 0−En+1 0 En+1
−En+1 0
En+1
 , b 7→
En 0 0 ( 0 En )−En+1 En+1 0
En+1 0
−En+1
 ,
where S =
(
0 ... 0 1 1
0 ... 0 0 0
)
, D =
(
1 1
0 −1
)
.
The module M is called a module of the K-representation of the group G if M
is a KG-module with finite KG basis.
Lemma 1. If M is a module of the K-representation Γ of the group G and M
does not contains regular direct summands, then
(1 + a)(1 + b)M ⊂ 2M. (3)
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Proof. Let K = K/2K be the field of 2 elements. From the description of the
K-representations of group G ∼= C2 × C2 (see [1]) follows that if M is a module of
indecomposable K-representation of G and M 6= KG, then
(1 + a)(1 + b)M = 0. (4)
Let M be a module of an indecomposable K-representation of G and M 6= KG.
The description of the K-representations of G (see [4,5]) shows that M = M/2M
is a sum of indecomposable KG-modules, and it is different from KG. Hence from
(4) follows (3), so the proof is complete.
Let M be a module of the K-representation of the group G ∼= C2 × C2, which
satisfies the condition of Lemma 1. Put M ′ = e1M + e2M + e3M + e4M ⊂ FM ,
where V0 = M
′/M , Mi = eiM +M and Vi = Mi/M (i = 1, 2, 3, 4). Clearly, by
Lemma 1 we get that 2M ′ ⊂ M , 2Mi ⊂ M and V0, Vi (i = 1, 2, 3, 4) are vector
spaces over the field F2 = K/2K. These spaces form a diagram
V1 V3
ց ւ
V0
ր տ
V2 V4
in which the arrows correspond to homomorphisms generated by the embeddings
of Mi to M
′ (i = 1, . . . , 4). Thus, the 5-tuple of linear spaces (V0;V1, V2, V3, V4) is
a representation of the following graph on five points:
1 3
ց ւ
0
ր տ
2 4
(5)
The following quadratic form
B(x) = x20 + x
2
1 + x
2
2 + x
2
3 + x
2
4 − x0(x1 + x2 + x3 + x4)
is defined on 5-dimension vectors corresponding to the graph (5), where x =
(x0; x1, x2, x3, x4) ∈ Z
5.
A vector x = (x0; x1, x2, x3, x4) ∈ Z
5 is called a positive root of the form
B if B(x) = 1 and xi ≥ 0, where i = 0, . . . , 4. The dimension vector
d(Γ) = (d0; d1, d2, d3, d4) of a K-representation Γ of the group G is denoted by
di = dimF2Vi, where V (Γ) = (V0;V1, V2, V3, V4) is the 5-tuple of linear spaces cor-
responding to the representation Γ.
We know (see [2]), that if Γ is an indecomposable K-representation of the group
G, which is different from the regular and irreducible representations, then either
B(d(Γ)) = 0 or d(Γ) is a positive root of the form B(x) (i.e. B(d(Γ)) = 1). In
addition, d0 > 0 and d1+d2+d3+d4 > 1 for any positive root d = (d0; d1, d2, d3, d4).
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Moreover, for every positive root d = (d0; d1, d2, d3, d4) such that d0 > 1 and
d1+ d2+ d3+ d4 > 1 there exists only one indecomposable K-representation of the
group G, such that the degree Γ is equal to d1 + d2 + d3 + d4.
Clearly, the one parameter family of indecomposable K-representations of the
group G of degree 4m corresponds to the vector d = (2n;n, n, n, n) (of course,
B(d) = 0). The positive roots of the form B are listed in the following table:
m = d1 + d2 + d3 + d4 d = (d0; d1, d2, d3, d4) t(m)
4n (2n+ 1;n, n, n, n) 1
n ≥ 1
4n (2n− 1;n, n, n, n) 1
n ≥ 1
4n+ 2 (2n+ 1;n+ 1, n+ 1, n, n) 6
n ≥ 1
4n+ 1 (2n;n+ 1, n, n, n) 4
n ≥ 1
4n+ 2 (2n+ 1;n+ 1, n, n, n) 4
n ≥ 1
4n+ 3 (2n+ 2;n+ 1, n+ 1, n+ 1, n) 4
n ≥ 1
4n+ 3 (2n+ 1;n+ 1, n+ 1, n+ 1, n) 4
n ≥ 1
Table 1.
where t(m) denotes the number of roots with prescribed m and d0. These roots are
obtained from the root d by permutations of its components d1, d2, d3, d4.
First we describe the indecomposable K-representations Γ of G with common
dimension vector d(Γ) = (2n;n, n, n, n) (we recall that B(d(Γ)) = 0).
We will consider each polynomial f(x) ∈ F2[x] as a polynomial over K, replacing
0, 1 ∈ F2 by 0, 1 ∈ K, respectively. Define f˜(x) =

0 α0
1 α1
. . .
...
0 1 αn−1
 with the help of
the corresponding matrix of f(x) = xn − αn−1x
n−1 − · · · − α1x− α0 ∈ F2[x].
Each polynomial f(x) ∈ Mn∪{x
n, (x+1)n}, whereM1 = ∅, defines the following
indecomposable K-representation of the group G:
∆f : a 7→
(En 0 U11 0
−En 0 U22
−En 0
En
)
; b 7→
(En 0 0 U12
−En U21 0
En 0
−En
)
,
where only one of the matrices Uij (1 ≤ i, j ≤ 2) is equal to f˜(x), and the three
other Uij are equal to En.
Suppose that F(f(x)) is exactly that representation ∆f for which U12 = f˜(x).
For every K-representation Γ of the group G and for an automorphism φ ∈ Aut(G)
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we define a K-representation Γφ of the group G by Γφ(g) = Γ(φ(g)), where g ∈ G.
The K-representations Γ and Γφ are called conjugate.
Lemma 2. Let Γ be either an indecomposable K-representation from the list (L)
or its tensor product with the character χ2 from (2). Then we have:
Γ d(Γ) = (d0; d1, d2, d3, d4)
∆n,1 (2n+ 1;n, n+ 1, n+ 1, n+ 1)
∆∗n (2n+ 1;n+ 1, n, n, n)
∆n (2n+ 1;n+ 1, n, n, n)
Wn (2n+ 1;n+ 1, n+ 1, n+ 1, n+ 1)
Tn (2n+ 1;n+ 1, n, n, n+ 1)
∆∗n,1 (2n+ 2;n, n+ 1, n+ 1, n+ 1)
W ∗n (2n+ 3;n+ 1, n+ 1, n+ 1, n+ 1)
∆n ⊗ χ2 (2n;n, n+ 1, n, n)
(∆n ⊗ χ2)
∗ (2n;n, n+ 1, n, n)
∆n,1 ⊗ χ2 (2n+ 1;n+ 1, n, n+ 1, n+ 1)
(∆n,1 ⊗ χ2)∗ (2n+ 2;n+ 1, n, n+ 1, n+ 1)
Tn ⊗ χ2 (2n+ 1;n, n+ 1, n, n+ 1)
Table 2.
Proof. We prove it for Γ = ∆n,1. Let
{v1, . . . , vn, u1, . . . , un+1, w1, . . . , wn+1, f1, . . . , fn+1}
be a basis of the module M of the K-representation ∆n,1. Clearly,
e1vi =
1
4 (1 + a)(1 + b)vi = vi; e1ui = 0;
e1wi =
1
4 (1 + a)(2wi + ui) =
{ 1
2
vi, i 6= n+ 1;
0, i = n+ 1;
e1fi =
1
4 (1 + b)(2fi + ui) =
{ 1
2
vi−1, i = 2, . . . , n+ 1;
0, i = 1;
e2vi =
1
4 (1− a)(1− b)vi = 0; e2ui = ui;
e2wi =
1
4 (1− a)ui =
1
2ui; e2fi =
1
4 (1− b)(−ui) = −
1
2ui;
e3vi =
1
4 (1 + a)(1− b)vi = 0; e3ui = 0; e3wi = −
1
4 (1 + a)ui = 0;
e3fi =
1
4
(1− b)(2fi + ui) =
{
fi +
1
2 (ui − vi−1), i = 2, . . . , n+ 1;
f1 +
1
2
u1, i = 1;
e4vi =
1
4
(1− a)(1 + b)vi = 0; e4ui = 0;
e4wi = −
1
4 (1− b)ui = −
1
2ui; e4fi = −
1
4 (1 + b)ui = 0.
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Since Vi = (eiM +M)/M we have that
V1 =〈
1
2vi +M | i = 1, . . . , n〉; V2 = 〈
1
2ui +M | i = 1, . . . , n+ 1〉;
V3 =〈
1
2u1 +M,
1
2 (ui − vi−1) +M | i = 2, . . . , n+ 1〉;
V4 =〈−
1
2ui +M | i = 1, . . . , n+ 1〉.
Finally, it is easy to check that
V0 = 〈
1
2ui +M,
1
2vj +M | i = 1, . . . , n+ 1; j = 1, . . . , n〉
and d(∆n,1) = (2n+ 1;n, n+ 1, n+ 1, n+ 1), so the proof is complete. The proofs
for other representations Γ are similar to this one. The lemma is proved.
Lemma 3. Let K ∈ {Z,Z(2),Z2}. Up to conjugacy, all indecomposable K-repre-
sentations Γ of G ∼= C2×C2, with common dimension vector d(Γ) = (2n;n, n, n, n)
belong to the either F(f(x)) (f(x) ∈ Mn ∪ {x
n, (x + 1)n}) or to F′(f(x)) =
F(xn)⊗ χ2, where χ2 is from (2).
Up to equivalence, all indecomposable K-representations Γ of G with d(Γ) =
(2n;n, n, n, n) belong to one of the following types:
• F(f(x)), f(x) ∈Mn ∪ {x
n, (x+ 1)n};
• (F(xn))σ1;
• F′(xn);
• (F′(xn))σ1;
• (F′(xn))σ2, where σ1, σ2 ∈ Aut(G).
Proof. The analysis of well known Nazarova’s results on the representations of
the group G (see [3,4]) shows that an indecomposable K-representation Γ of G,
such that d(Γ) = (2n;n, n, n, n), is equivalent to one of the representations ∆f ,
where f(x) ∈ Mn ∪ {x
n, (x+ 1)n}, except the K-representation (F′(x))σ2 , which
is equivalent to the following representation:
a 7→

L1 0 0 0 0 0
En−1 0 0 En−1 0
En−1 En−1 0 0
−En−1 0 0
En−1 0
−L1
 ; b 7→

L1 0 0 L2 0
En−1 0 0 Jn−1(1) L3
−En−1 −En−1 0 0
En−1 0 0
En−1 0
L1
 ,
where Jk(1) is a Jordan block of dimension k with ones in the main diagonal,
L1 =
(
1 1
0 −1
)
, L2 =
(
1 ... 0
0 ... 0
)
, L3 =
(
0 0
...
...
0 1
)
. So the lemma is proved.
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In the next Theorem among other K-representations of the group G we list those
indecomposable K-representations Γ such that d(Γ) is a root of the form B(x) (i.e.
B(d(Γ)) = 1). Analyzing Nazarova’s classification [4,5], we can see that any such
obtained K-representation Γ can be derived from Ω and χi, (where Ω is from (L),
χi is from (2)) by one of the following operations:
• taking its conjugate Ωφ, where φ ∈ Aut(G);
• taking the contragradient K-representation Ω∗ (Ω∗(g) = ΩT (g−1), g ∈ G);
• taking the tensor product Ω⊗ χi.
Our main result reads as follows:
Theorem. Let K = Z, Z(2), or Z2 be the ring of rational integers, the localization
of Z at the prime 2 and the ring of 2-adic integers, respectively. All indecomposable
subgroups in the group GL(m,K) which are isomorphic to the group G = 〈a, b〉 ∼=
C2×C2 can be described, up to conjugacy, by groups which are generated by matrices
Γ(a) and Γ(b), where Γ is a K-representation of G from the following table:
m Γ d(Γ) St(Γ) S(Γ)
4n+ 1 ∆n (2n+ 1;n+ 1, n, n, n) Aut(G) 1
n ≥ 1
4n+ 1 ∆∗n (2n+ 1;n+ 1, n, n, n) Aut(G) 1
n ≥ 1
4n+ 1 ∆n ⊗ χ2 (2n+ 1;n, n+ 1, n, n) 〈σ1〉 3
n ≥ 1
4n+ 1 ∆∗n ⊗ χ2 (2n; n, n+ 1, n, n) 〈σ1〉 3
n ≥ 1
4n+ 3 ∆n,1 (2n+ 1;n, n+ 1, n+ 1, n+ 1) Aut(G) 1
n ≥ 0
4n+ 3 ∆∗n,1 (2n+ 2;n, n+ 1, n+ 1, n+ 1) Aut(G) 1
n ≥ 0
4n+ 3 ∆n,1 ⊗ χ2 (2n+ 1;n+ 1, n, n+ 1, n+ 1) 〈σ1〉 3
n ≥ 0
4n+ 3 ∆∗n,1 ⊗ χ2 (2n+ 2;n+ 1, n, n+ 1, n+ 1) 〈σ1〉 3
n ≥ 0
4n+ 2 Tn (2n+ 1;n+ 1, n, n+ 1, n) 〈σ1σ2σ1〉 3
n ≥ 1
4n+ 2 Tn ⊗ χ2 (2n+ 1;n, n+ 1, n, n+ 1) 〈σ1σ2σ1〉 3
n ≥ 1
4n+ 4 Wn (2n+ 1;n+ 1, n+ 1, n+ 1, n+ 1) Aut(G) 1
n ≥ 0
4n+ 4 W ∗n (2n+ 3;n+ 1, n+ 1, n+ 1, n+ 1) Aut(G) 1
n ≥ 0
4n F(f(x)), St[f(x)] 6
|St[f(x)]|
n ≥ 1 (f(x) ∈M′n)
4n F(xn) 〈σ2σ1σ2〉 3
n ≥ 1
4n F′(xn) = 〈σ2σ1σ2〉 3
n ≥ 1 F(xn)⊗ χ2
4 Γ is the regular rep. 1
Table 3
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Here St(Γ) = {φ ∈ Aut(G) | Γφ is equivalent to Γ} is the stabilizer of Γ in
Aut(G), S(Γ) = |Aut(G)||St(Γ)| is the number of non-equivalent K-representations which
are conjugate to Γ, Γ∗ is the contragradient K-representation of Γ, defined by
Γ∗(g) = ΓT (g−1) (g ∈ G).
Proof of the Theorem. Let G1 and G2 be subgroups in GL(m,K) isomorphic
to G = 〈a, b〉 ∼= C2 × C2 with isomorphisms Γi : G 7→ Gi, (i = 1, 2). Then Γi is a
faithful K-representation of G. By definition, the K-representation Γ1 is conjugate
to the K-representation Γ2, if there are exist C ∈ GL(m,K), φ ∈ Aut(G), such
that C−1Γ1(φ(g))C = Γ2(g), where g ∈ G. In other words, K-representations Γ1
and Γ2 of the group G are conjugate, if the groups Γ1(G) and Γ2(G) are conjugate
in GL(m,K). This implies the ”if” part of the Theorem.
Now suppose G1 and G2 are conjugate in GL(m,K) and τ : G1 7→ G2 is an
isomorphism such that τ(g) = C−1gC for some matrix C ∈ GL(m,K), where
g ∈ G. Obviously, the map
φ : G
Γ1−→ G1
τ
−→ G2
Γ−12−−→ G
is an automorphism of G and
Γφ2 (g) = Γ2(Γ
−1
2 τΓ1(g)) = τ(Γ1(g)) = C
−1Γ1(g)C,
where g ∈ G, i.e. the K-representations Γ1 and Γ2 are conjugate.
Let Γ be a faithful K-representation of G, let St(Γ) be the stabilizer of Γ in
Aut(G) and let {g1, . . . , gt} be a system of representatives of the cosets of Aut(G)
by St(Γ). Then {Γgi | i = 1, . . . , t} is the set of the pairwise nonequivalent
K-representations of G, which are conjugated with Γ.
If Γ is an indecomposable K-representation of G and d(Γ) is a root of the form
B(x), then d(Γφ) (φ ∈ Aut(G)) is also a root of the form B(x). The vector d(Γφ)
can be obtained from the vector d(Γ) = (d0; d1, d2, d3, d4) by a permutation of the
last four components of d(Γ). It follows, that S(Γ) (see Table 1) is the number of
roots, which we obtained from d(Γ) by permutation of some components in d(Γ).
To finish the proof, we must compare the number of K-representations of degree
m in Table 1 to the sum of all t(m) for a given m in the Table 3, and then we can
apply Lemma 3. So the lemma is proved.
Remark. Let us substitute each K-representation Γ of G in Table 2 by Γσ. Here
σ denotes a coset of Aut(G) by St(Γ). In this manner we obtain all faithful inde-
composable K-representations of G up to equivalence.
The proof of this Remark follows from the analysis of the classification of the
representations described by L. Nazarova [3,4].
Indecomposable linear groups 9
References
1. Bashev, V. A., Representations of the group Z2×Z2 in a field of characteristic 2. (Russian),
Dokl. Akad. Nauk SSSR 141 (1961), 1015–1018.
2. Bernstein, I. N.; Gelfand, I. M.; Ponomarev, V. A., Coxeter functors, and Gabriel’s theorem.
(Russian), Uspehi Mat. Nauk XXVIII 170(2) (1973), 19–33.
3. Bovdi,V.A.; Gudivok, P.M.; Rudko, V.P., Torsion free groups with indecomposable holonomy
group I , J. Group Theory 5 (2002), 75–96.
4. Nazarova, L. A., Unimodular representations of the four group (Russian), Dokl. Akad. Nauk
SSSR 140(5) (1961), 1011–1014.
5. Nazarova, L. A., Representations of a tetrad. (Russian), Izv. Akad. Nauk SSSR Ser. Mat 31
(1967), 1361–1378.
Institute of Mathematics, University of Debrecen
P.O. Box 12, H-4010 Debrecen, Hungary
Institute of Mathematics and Informatics, College of Ny´ıregyha´za
So´sto´i u´t 31/b, H-4410 Ny´ıregyha´za, Hungary
E-mail: vbovdi@math.klte.hu
V.P. Rudko
Department of Algebra, University of Uzhgorod
88 000, Uzhgorod, Ukraine
